Abstract. Extremal problems for 3-uniform hypergraphs are known to be very difficult and despite considerable effort the progress has been slow. We suggest a more systematic study of extremal problems in the context of quasirandom hypergraphs. We say that a 3-uniform hypergraph H " pV, Eq is weakly pd, ηq-quasirandom if for any subset U Ď V the number of hyperedges of
§1. Introduction 1.1. Extremal problems for graphs and hypergraphs. Given a fixed graph F a typical problem in extremal graph theory asks for the maximum number of edges that a (large) graph G on n vertices containing no copy of F can have. More formally, for a fixed graph F let the extremal number expn, F q be the number |E| of edges of an F -free graph G " pV, Eq on |V | " n vertices with the maximum number of edges. It is well known and not hard to observe that the sequence expn, F q{`n 2˘i s decreasing. Consequently one may define the
Turán density
πpF q " lim nÑ8 expn, F q of colours one can assign to the vertices of F in such a way that any two vertices connected by an edge receive distinct colours, it follows from a result of Erdős and Stone [12] that πpF q " 1´1 χpF q´1
(see also [10] , where the result in this form appeared first). In particular, the value of πpF q can be calculated in finite time. It also follows that the set tπpF q : F is a graphu of all Turán densities of graphs is given by 0, Already in his original work [34] Turán asked for hypergraph extensions of these extremal problems. We restrict ourselves to 3-uniform hypergraphs H " pV, Eq, where V " V pHq is a finite set of vertices and the set of hyperedges E " EpHq Ď V p3q is a family of the 3-element subsets of the vertices. Despite considerable effort, even for 3-uniform hypergraphs F no similar characterisation (as in the graph case) is known. Determining the value of πpF q is a well known and hard problem even for "simple" hypergraphs like the complete 3-uniform hypergraph K where the lower bounds are given by what is believed to be optimal constructions due to
Turán (see, e.g., [7] ) and Frankl and Füredi [13] . The stated upper bounds are due to
Razborov [23] and Baber and Talbot [1] and their proofs are based on the flag algebra method introduced by Razborov [22] . For a thorough discussion of Turán type results and problems for hypergraphs we refer to the recent survey of Keevash [17] .
Quasirandom graphs and hypergraphs.
We consider a variant of Turán type questions in connection with quasirandom hypergraphs. Roughly speaking, a quasirandom hypergraph "resembles" a random hypergraph of the same edge density, by sharing some of the key properties with it, i.e., properties that hold true for the random hypergraph with probability close to 1.
The investigation of quasirandom graphs was initiated with the observation that several such properties of randomly generated graphs are equivalent in a deterministic sense. This phenomenon turned out to be useful and had a number of applications in combinatorics.
The systematic study of quasirandom graphs was initiated by Thomason [32, 33] and by Chung, Graham, and Wilson [4] . A pivotal feature of random graphs is the uniform edge distribution on "large" sets of vertices and a quantitative version of this property is used to define quasirandom graphs.
More precisely, a graph G " pV, Eq is quasirandom with density d ą 0 if for every subset of vertices U Ď V the number epU q of edges contained in U satisfies
where op|V | 2 q{|V | 2 Ñ 0 as |V pGq| tends to infinity. Strictly speaking, we consider here a sequence of graphs G n " pV n , E n q where the number of vertices |V n | tends to infinity, but for the sake of a simpler presentation we will suppress the sequence in the discussion here. The main result in [4] asserts, that satisfying (1.1) is deterministically equivalent to several other important properties of random graphs. In particular, it implies that for any fixed graph F with v F vertices and e F edges the number N F pGq of labeled copies of F in a quasirandom graph G " pV, Eq of density d satisfies
In other words, the number of copies of F is close to the expected value in a random graph with edge density d.
The analogous statement for hypergraphs fails to be true and uniform edge distribution on vertex sets is not sufficient to enforce a property similar to (1.2) for all fixed 3-uniform hypergraphs F (see, e.g., Example 1.3 below). A stronger notion of quasirandomness for which such an embedding result actually is true, was considered in connection with the regularity lemma for hypergraphs (cf. Theorem 3.2 below). The central notion for the work presented here, however, is the straightforward extension of (1.1) to 3-uniform hypergraphs, which was for example studied in [5, 18] . Definition 1.1. A 3-uniform hypergraph H " pV, Eq is weakly pd, ηq-quasirandom if for every subset U Ď V of vertices the number epU q of hyperedges contained in U satisfiešˇe
For future reference we note that a simple application of the sieve formula shows that
for all X, Y, Z Ď V , where epX, Y, Zq denotes the number of triples px, y, zq P XˆYˆZ for which tx, y, zu is a hyperedge of H. We shall denote by Q p3q pd, ηq the class of all 3-uniform weakly pd, ηq-quasirandom hypergraphs, where the three dots appearing in the index of Q symbolically represent the possible choices for the three sets X, Y , and Z from formula (1.4). In fact, we will consider other classes of quasirandom 3-uniform hypergraphs, which we will symbolise by Q p3q and Q p3q and which we will investigate in connection with
Turán type question in [24] and [25] (see also Definition 5.2). Given a 3-uniform hypergraph F we set π pF q " sup d P r0, 1s : for every η ą 0 and n P N there exists an F -free, 3-uniform hypergraph H P Q p3q pd, ηq with |V pHq| ě n ( . [11] (see also [8] ) were the first to raise questions concerning π pF q. In particular, they suggested to study the cases when
Erdős and Sós
or F is a complete 3-uniform hypergraph K p3q k . The following probabilistic construction, which can be traced back to the work of Erdős and Hajnal [9] , yields π pK p3q4 q ě 1{4. Example 1.3. Consider a random tournament T n on the vertex set rns " t1, . . . , nu, i.e., an orientation of all edges of the complete graph on the first n positive integers such that each of the two directions pi, jq or pj, iq of every pair of vertices ti, ju is chosen independently with probability 1{2. Given such a tournament T n we define the 3-uniform hypergraph HpT n q on the same vertex set, by including the triple ti, j, ku in EpHpT nif these three vertices span a cyclically oriented cycle of length three, i.e., ti, j, ku P EpHpT nif either pi, jq, pj, kq, and pk, iq are all in EpT n q or pi, kq, pk, jq, and pj, iq are all in EpT n q. It is easy to check that for every η ą 0 with probability tending to 1 as n Ñ 8 the hypergraph HpT n q is weakly p1{4, ηq-quasirandom. Moreover, no hypergraph H obtained from a tournament in this way contains three hyperedges on four vertices, i.e., every such H is K p3q4 -free and this establishes π pK p3q4 q ě 1{4.
Recently, Glebov, Kráľ, and Volec [15] showed that the construction in Example 1.3 is optimal and proved π pK p3q4 q " 1 4 .
The proof in [15] is computer assisted and based on the flag algebra method. We present a computer free and very different proof of the same result. Moreover, our proof yields a strengthening of the result which for ordered vertex sets guarantees the appearance of the K p3q4 in such a way that the apex vertex, that is the vertex incident to three hyperedges of the K p3q4 , is either the first or the last. Our method of proofs seems to open an approach to attack several other problems of this type and we shall discuss this in more detail in the concluding remarks in Section 5. Strictly speaking, the authors of [11] and [15] In this section we shall prove a purely graph theoretic statement that will later be used in the proof of π pK p3q4 q " 1 4 . Essentially what we have to do then is to find a triangle in the link of a vertex of some weakly quasirandom 3-uniform hypergraph H, and after regularization this will become a problem about finding a triangle in some auxiliary multipartite graph. The vertices of this auxiliary graph will actually not correspond to the vertices of H but rather to some bipartite graphs on V pHq, but this subtlety can be ignored until we reach Section 4. 
Proof. For convenience we work with the hierarchy
and commence by defining a colouring of the pairs of indices from rms with integers from the interval r1, p2 δq´1s.
Let any i and j with 1 ď i ă j ď m be given. For each r P N we set
We contend that |Q ij p1q| ě δ |V i |. To see this, we split the right hand side of our assumption into two parts according to whether x belongs to the set Q " Q ij p1q or not. This gives
Dividing by |V j | 2 and using the trivial estimate |V i´Q | ď |V i | we deducè
and by δ ! ε the desired conclusion follows.
Clearly, the set Q ij prq becomes the smaller the larger we make if r, and if r ą p2 δq´1 it is allowed to assume that after some relabeling there is a colour r˚such that rpi, jq " rh olds whenever 1 ď i ă j ď m˚. Of course, we should now find a triangle in G with vertices
It will turn out that there actually is such a triangle possessing a vertex in V 1 .
Next we will single out some vertex from V 1 that will later be shown to appear in some triangle of G. To this end, we recall that |Q 1i pr˚q| ě δ |V 1 | holds for all i P t2, . . . , m˚u. It follows that the subsets Q 12 pr˚q, . . . , Q 1m˚p r˚q of V 1 cannot be disjoint provided we have chosen m˚large enough. This means that some vertex x P V 1 appears in at least two of them. For notational simplicity we assume x P Q 12 pr˚q as well as x P Q 13 pr˚q and endeavor to construct a triangle with vertices from
Let A 2 denote the set of neighbours of x in V 2 , set B 2 " V 2´A2 , and define A 3 as well as B 3
analogously. The choice of x implies
Any edge between A 2 and A 3 gives rise to a triangle of the desired kind, so for the sake of a contradiction we will henceforth assume that no such edge would exist.
Then we have d 3 pyq ď |B 3 | ď`1 2´r˚δ˘| V 3 | for all y P A 2 . For y P B 2 we either have
or y belongs to the set C " Q 23 pr˚`1q. But the maximality of r˚" rp2, 3q implies |C| ă δ |V 2 | and for y P C we still have d 3 pyq ď |V 3 |. So dividing the right hand side of the assumptioǹ
into three parts depending on whether y appears in A 2 , B 2´C or C we derivè
Since
ď 1 and for each x P r0, 1s we have px`δq 2 ď x 2`3 δ by δ ď 1, so
Here, the sum of the first two terms gives 1 4´p r˚δq 2 and hence at most 1 4 , so that altogether we get ε ď 4 δ, contrary to δ ! ε. Thereby Theorem 2.1 is proved. 
In fact, the proof guarantees Ωpn k q copies of K k and as a result we may replace K k in Theorem 2.2 by an arbitrary graph F with chromatic number χpF q " k.
§3. Hypergraph regularity method
A key tool in the proof of Theorem 1.4 is the regularity lemma for 3-uniform hypergraphs.
We follow the approach from [29, 30] combined with the results from [16] and [20] and below we introduce the necessary notation.
For two disjoint sets X and Y we denote by KpX, Y q the complete bipartite graph with that vertex partition. We say a bipartite graph P " pX Ÿ Y, Eq ist pδ 2 , d 2 q-regular if for all
where epX 1 , Y 1 q denotes the number of edges of P with one vertex in X 1 and one vertex in Y 1 .
Moreover, for k ě 2 we say a k-partite
if all its`k 2˘n aturally induced bipartite subgraphs P rX i , X j s are pδ 2 , d 2 q-regular. For a tripartite graph P " pX Ÿ Y Ÿ Z, Eq we denote by K 3 pP q the triples of vertices spanning a triangle in P , i.e.,
If the tripartite graph P is pδ 2 , d 2 q-regular, then the so-called triangle counting lemma implies that
We say a 3-uniform hypergraph H " pV, E H q is regular w.r.t. a tripartite graph P if it matches approximately the same proportion of triangles for every subgraph Q Ď P . This we make precise in the following definition.
Moreover, we simply say H is δ 3 -regular w.r.t. P , if it is pδ 3 , d 3 q-regular for some d 3 ě 0.
We also define the relative density of H w.r.t. P
where we use the convention dpH | P q " 0 if K 3 pP q " ∅. There are integers t and with t 0 ď t ď T 0 and ď T 0 and there exists a vertex partition
of the edge set of the complete bipartite graph KpV i , V j q satisfying the following properties
(ii ) for all 1 ď i ă j ď t and α P r s the bipartite graph P ij α is pδ 2 p q, 1{ q-regular, and (iii ) H is δ 3 -regular w.r.t. P ijk αβγ for all but at most δ 3 t 3 3 tripartite graphs
with 1 ď i ă j ă k ď t and α, β, γ P r s.
Owing to their special rôle we shall refer to the tripartite graphs considered in (3.2) as triads. In the formulation of the regularity lemma in [29] a more refined version of hypergraph regularity was used. However, owing to the results from [16] and [20, 
(ii ) for every 1 ď i ă j ď m and α P r s the bipartite graph P ij α is pδ 2 p q, 1{ q-regular, (iii )Ĥ is δ 3 -regular w.r.t. P ijk αβγ for all tripartite graphs P ijk αβγ with 1 ď i ă j ă k ď m and α, β, γ P r s, where either dpĤ | P q " 0 or dpĤ | P q ě d 3 , and
Moreover, if the vertex set V " rns then we can ensure maxpV i q ă minpV i`1 q for every
Proof. For the proof of Corollary 3.3 (including the moreover-part) we shall apply the regularity lemma (Theorem 3.2) with δ 1 3 sufficiently small such that
and with the integer t 0 " maxpm, r1{δ 1 3 s, 21q and the given function δ 2 : N Ñ p0, 1s. We recall that the hypergraph regularity lemma is proved by iterated refinements starting with an arbitrary initial partition. Hence, given the hypergraph H " pV, Eq with V " rns we may split V initially into t 0 equal sized intervals I 1 Ÿ . . . Ÿ I t 0 " rns and then the vertex partition V 1 Ÿ . . . Ÿ V t provided by the regularity lemma, Theorem 3.2, will refine this initial partition of intervals.
We consider an auxiliary 3-uniform hypergraph R " prts, E R q on the vertex set rts, where a hyperedge ti, j, ku signifies the following two properties:
(a ) at most a δ In order to construct the desired hypergraphĤ we remove hyperedges of H that are contained in triads with density less than d 3 , i.e., hyperedges e P E H X K 3 pP ijk αβγ q when dpH | P ijk αβγ q ă d 3 . Moreover, we remove hyperedges of H that are contained in triads P ijk αβγ for which H is not δ 3 -regular and let H 0 be the hypergraph that remained after these deletions. 
and let H be an f -partite, 3-uniform hypergraph satisfying for every edge ijk P E F (a ) H is δ 3 -regular w.r.t. to the tripartite graph P rV i Ÿ V j Ÿ V k s and
then H contains a copy of F , where for every i P rf s " V F the image of i is contained in V i .
In an application of Theorem 3.4 the tripartite graphs P rV i Ÿ V j Ÿ V k s in (a ) will be given by triads P ijk αβγ from the partition given by the regularity lemma. We shall consider weakly quasirandom hypergraphs H of density µ bounded away from 0.
In particular, this assumption implies that in any regular partition provided by Theorem 3.2, we have the property that the density of H induced on any three vertex classes V i , V j , and V k will be close to µ. For fixed i, j and k this only implies that dpH | P ijk αβγ q " µ on the average taken over all 3 choices of α, β, and γ P r s. This, however, gives only little information on the density of H w.r.t. a particular P ijk αβγ . Consequently, for the proof of Theorem 1.4 further analysis is required to arrive at a situation ready for an application of 
Proof of Theorem 1.4.
Given ε ą 0 we have to find appropriate η ą 0 and n 0 P N. For this purpose we start by choosing some auxiliary constants obeying the hierarchy To justify this, we let any weakly p1{4`ε, ηq-quasirandom hypergraph H on n ě n 0 vertices be given. Since n ě n from the regular partition, such that at least three of the`4 3˘t riads In fact due to property (iv ) of Corollary 3.3 and the weak quasirandomness of H given by the assumption of Theorem 1.4 (see (1.4)) we have
where the last step exploits d 3 , δ 3 ! ε and η ! T´1 0 .
Moreover, since every triad P ijk αβγ is pδ 2 p q, 1{ q-regular (as a tripartite graph), the triangle counting lemma for graphs (see (3.1)) asserts that it spans at most p1{ 
Moreover, there exists such a configuration with
and let a 3-uniform hypergraph A as in Lemma 4.1 be given. Notice that each of the three vertices P 12 , P 13 , and P 23 appears only once in the conclusion, so we may eliminate them from consideration by "projecting" the nonempty tripartite parts of A onto appropriate bipartite graphs. That is to say that for any three distinct indices i, j, and k from rms we define a bipartite graph Q i jk with bipartition pP ij , P ik q by putting an edge between P ij P P ij and P ik P P ik if and only if for some P jk P P jk the triple P ij P ik P jk belongs to EpA ijk q.
In the next step of the argument, we colour the 3-subsets of rms with two colours, called red and green, with the intention of applying Ramsey's Theorem afterwards. So let any three indices 1 ď i ă j ă k ď m be given. Each triple P ij P ik P jk from EpA ijk q, with P ij P P ij , P ik P P ik , and P jk P P jk , gives rise to a unique pair pP ij P ik , P ik P jk q of edges
ij˘a nd hence our assumption on the density of A ijk yields ÿ
Thus the Cauchy-Schwarz inequality informs us that at least one of the two estimates there is a set X Ď rms of size m˚such that all triples from X have the same colour. Due to symmetry it is allowed to assume that this common colour is red, and relabeling our indices if necessary we may further suppose that X " rm˚s. We contend that a configuration of the desired kind can be found with 1 ď i 1 ă i 2 ă i 3 ă m˚and i 4 " m˚.
To show this, we define an pm˚´1q-partite graph G with vertex classes
Notice that for such i and j the triple ti, j, m˚u is red, whence p˚˚q implies ÿ
As we could have chosen m˚so large that the conclusion of Theorem 2.1 applies to m˚´1
and ε here in place of m and ε there, we may assume that G contains a triangle, say with and many open questions remain. It would be very interesting to determine π pK p3q 4 q or more generally π pK p3q k q for arbitrary k ě 4. We recall a random construction from [28] which shows that
This lower bound is established by considering a random pk´2q-colouring ϕ of the pairs rns p2q , where the colour of each pair is chosen uniformly and independently among all k´2 colours. Given such a colouring ϕ we let H ϕ be the 3-uniform hypergraph with vertex set rns containing only those hyperedges tx, y, zu with 1 ď x ă y ă z ď n that satisfy ϕpx, yq ‰ ϕpx, zq. One can check that for any fixed η ą 0 with high probability
, ηq-quasirandom for sufficiently large n. On the other hand, for any k vertices 1 ď x 1 ď¨¨¨ď x k ď n two of the k´1 pairs tx 1 , x i u with i " 2, . . . , k containing x 1 must have the same colour in ϕ. Consequently, x 1 , . . . , x k cannot span a clique and (5.1) follows. We believe this construction is optimal for k " 4 and put forward the following conjecture.
Conjecture 5.1. We have π pK .
In [24] we establish a weaker version of Conjecture 5.1. This version is based on the following strengthened form of the assumed quasirandom condition.
Definition 5.2. A 3-uniform hypergraph H " pV, Eq is pd, η, q-quasirandom if for every subset U Ď V of vertices and every X Ď V p2q set of pairs of V the number epU, Xq of ordered pairs pu, tx, x 1 uq satisfying tu, x, x 1 u P E, u P U , and tx, x 1 u P X satisfiešˇe pU, Xq´d|U ||X|ˇˇď η n 3 and we denote by Q p3q pd, ηq the class of pd, η, q-quasirandom 3-uniform hypergraphs.
With this definition at hand we define for a 3-uniform hypergraph F the corresponding quasirandom Turán density π pF q " sup d P r0, 1s : for every η ą 0 and n P N there exists an F -free, 3-uniform hypergraph H P Q pd, ηq with |V pHq| ě n ( .
One can check that for every k ě 3 with high probability the hypergraph H ϕ defined by a random pk´2q-colouring ϕ above is indeed quasirandom in the sense of Definition 5.2, i.e., it is p k´3 k´2
, η, q-quasirandom for any fixed η ą 0 for sufficiently large n. Consequently, we also have
In [24] we establish a matching upper bound for k " 4 by a proof based on the regularity method for hypergraphs. Also for k ą 4 it might be possible that the lower bound given in (5.1) (and (5.2)) is best possible and we are not aware of any better constructions. However, we remark that for k " 6 there is another construction attaining the same bound. For that we consider a random two colouring of rns p2q and let H consist of all triples tx, y, zu for which the three pairs tx, yu, tx, zu, and ty, xu are not all of the same colour. Again it is easy to check that with high probability the hypergraph H is p3{4, ηq-quasirandom for every fixed η ą 0, while the simplest instance of Ramsey's theorem, the so called "three in a party of six theorem", yields that H is K p3q 6 -free. It would be intriguing in case both of these constructions would be best possible.
Hypergraph with vanishing weakly quasirandom Turán density.
For the classical Turán density πp¨q Erdős [6] characterised all hypergraphs F with πpF q " 0. Restricting the discussion to 3-uniform hypergraphs, he showed that πpF q " 0 if and only if F is tripartite, i.e., V pF q can be partitioned into three classes such that every hyperedge of F contains precisely one vertex from each class. Since large, complete, and balanced tripartite 3-uniform hypergraphs have density approaching 2{9 Erdős deduced that if πpF q ą 0, then πpF q ě 2{9.
We establish a similar characterisation of tF : π pF q " 0u. Clearly, this set contains all tripartite hypergraphs and the additional quasirandomness assumption considered here enriches this set. In fact, it follows from the work in [18] that in addition to all tripartite hypergraphs it contains all linear 3-uniform hypergraph F , where we say a hypergraph F is linear, if any pair of hyperedges shares at most one vertex. In [27] we obtain the following characterisation of hypergraphs with vanishing weakly quasirandom Turán density. . For the proof of Corollary 5.5 we will display a weakly quasirandom hypergraph H of density 1{27, which only contains subhypergraphs satisfying condition (b ) of Theorem 5.4 (in fact, it will be universal for all such hypergraphs). Consequently, if π pF q ą 0, then by Theorem 5.4 the hypergraph F fails to satisfy condition (b ), whence it is not contained in H and, therefore, we have π pF q ě 1{27.
The hypergraph H will given by the following random construction: We consider a random three-colouring ψ : rns p2q Ñ tred , blue , greenu of the pairs of the first n positive integers. For a given colouring ψ we define the 3-uniform hypergraph H " H ψ on the vertex set rns, where we include the triple ti, j, ku with 1 ď i ă j ă k ď n in EpH ψ q if ψpi, jq is red, ψpi, kq is blue, and ψpj, kq is green. It follows that for any η ą 0 with high probability the random hypergraph H ψ is weakly p1{27, ηq-quasirandom for sufficiently large n. Moreover, it follows from the construction that every subhypergraph of H ψ satisfies condition (b ) of Theorem 5.6. We have 1 3 ď π pS 4 q ď 4 9 .
The upper bound can be proved along the lines of Theorem 1.4 by using Theorem 2.2
for K 4 instead of Theorem 2.1.
The lower bound is given by the following construction. Again we consider a random three-colouring ψ : rns p2q Ñ tred , blue , greenu of the pairs of the first n positive integers.
Given such a colouring ψ we define a 3-uniform hypergraph H " H ψ on the vertex set rns containing those hyperedges tx, y, zu with x ă y ă z where the colour pattern of the three pairs tx, yu, tx, zu, and ty, zu satisfies (i ) ψpx, yq " ψpy, zq ‰ ψpx, zq, or
(ii ) the ordered colour pattern pψpx, yq , ψpx, zq , ψpy, zqq is one of the three rainbow patterns pred , blue , greenq, pgreen , red , blueq, or pblue , green , redq.
Note that there are six patterns of the first kind and so in total for the hyperedges of H we allow nine of the 27 possible combinations. Standard probabilistic tail estimates show for any η ą 0 that with high probability H is weakly p1{3, ηq-quasirandom provided n is sufficiently large.
It is left to show that H contains no copy of S 4 . Supposing to the contrary, let a P rns be the apex vertex of a copy of S 4 in H and consider its monochromatic neighbourhoods with respect to ψ , i.e., we set are also independent sets and partition V a . In other words, the link graph L a is 3-colourable and, hence, it cannot contain a copy of K 4 . In particular, the vertex a cannot be the apex vertex of a copy of S 4 in H.
For general k we can prove
The upper bound follows like the proof for k " 4 along the lines of Theorem 1.4 with the generalisation of Theorem 2.1 for the clique K k (see Theorem 2.2).
For the lower bound we consider a random pk´1q-colouring of ψ : rns p2q Ñ t0, . . . , k´2u.
Similar as before the colour pattern we see on the pairs of three vertices x ă y ă z This way of all different pk´1q 3 patterns we allow pk´1qpk´2q patterns by part (i ) of the definition and pk´1qpk´2qpk´3q´pk´1qpk´3q " pk´1qpk´3q 2 patterns in (ii ).
Hence, with high probability the hypergraph H is weakly pd, ηq-quasirandom for any fixed η ą 0 and
Moreover, as above one can show that the link graph L a of every vertex a P rns is pk´1q-colourable and, hence, it contains no K k . In fact, with the similar notation as above it can be checked that the sets To keep the discussion simple we stick for now to the case r " 4. Then one may start from a random directed 3-uniform hypergraph T p3q n with vertex set rns in which for any 3-element subset rns one of its two cyclic orientations has been chosen at random with probabilities 1{2, all of these choices being made mutually independent. Then, we consider a 4-element set to be a hyperedge of the corresponding 4-uniform hypergraph HpT p3q n q if and only if each of its two-element subsets are traversed by the two triples containing it in opposite directions.
So tw, x, y, zu P E`HpT p3q n q˘happens for example in case ⇀ xyz, ⇀ xwy, ⇀ xzw, ⇀ ywz P EpT p3q n q. It is not hard to show that such a hypergraph HpT p3q n q is F p4q -free. Also, it is easily checked that this hypergraph has density 1 8 and is weakly quasirandom (i.e., it has uniform hyperedge distribution with respect to sets of vertices). This means that in analogy with (1.4) we have for any η ą 0 that if n is sufficiently large, then with high probability all sets U 1 , U 2 , n q defined as in the previous paragraph but starting from D p3q n rather than the random orientation T p3q n is easily shown to have density about 1{4. Moreover, it is weakly quasirandom and contains no copy of F p4q .
In the light of this example, we propose a modification of the original question: it may be observed that the intended extremal example HpT p3q n q satisfies stronger quasirandomness properties than HpD p3q n q does. Notably, it behaves quasirandomly with respect to pairs, which means that for any six graphs G 12 , . . . , G 34 on rns about 1{8 of the quadruples px 1 , x 2 , x 3 , x 4 q with tx 1 , x 2 u P EpG 12 q, . . . , tx 3 , x 4 u P EpG 34 q satisfy tx 1 , x 2 , x 3 , x 4 u P EpHq. One may also show directly that the hypergraph HpD p3q n q lacks this property. This may suggest that any 4-uniform hypergraph with density ą 1 8 that is quasirandom with respect to pairs in this sense does indeed contain a copy of F p4q . More generally we show in [26] that an r-uniform hypergraph of density ą 2 1´r that is quasirandom with respect to pr´2q-tuples has to contain F prq . The proof presented in [26] relies on the regularity method for r-uniform hypergraphs and is considerably more intricate than the argument presented here.
We note that the case r " 2 of this result might be viewed as the density version of Mantel's theorem. Thus the "three edge theorem" in [26] provides a common generalisation of Mantel's theorem and Theorem 1.4 to the context of r-uniform hypergraphs.
